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Abstract: A new entropic gravity inspired derivation of general relativity from thermo-
dynamics is presented. This generalizes, within Einstein gravity, the “Thermodynamics of
Spacetime” approach by T. Jacobson, which relies on the Raychaudhuri focusing equation.
Here the rest of the first law of thermodynamics is incorporated by using the Damour-
Navier-Stokes equation, known from the membrane paradigm for describing fluid dynamics
on the horizon.
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1 Introduction
The general goal of this short paper is to present a new entropic gravity inspired derivation
of general relativity from thermodynamics. The plan along this route will be to briefly
review some background material before jumping into a new, but short, calculation. Topics
will be the the geodesic “focusing” equation, known as the Raychaudhuri equation, and
its use in the derivation of general relativity from the Clasius relation by Jacobson [10].
The Damour-Navier-Stokes equation is introduced, and then I indicate how it too leads to
gravity.
2 Notation
In order to briefly fix notation: I will denote an induced metric via the pullback
hab = gαβe
α
ae
β
b . (2.1)
The extrinsic curvature is written as
Kab = ∇βnαeαaeβb = Lnhab (2.2)
and can be expressed as the lie derivative along a normal to the hypersurface. Another
indispensable quantity will be the pullback of the Ricci tensor into the Gauss-Codazzi
equations. This takes the form
Rαβe
α
ae
β
b = ∇bKba − ∂aK. (2.3)
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I define perturbations in terms of a directional covariant derivative
δsa ≡ ∇xsa. (2.4)
Also important is the identity
Lx(Bsa) = ∇x(Bsa), (2.5)
which holds so long as sa is proportional to xa. Throughout this paper we will use a
dual-null foliation of the near-horizon Rindler metric. Coordinates are (u, v, θ, φ), with the
principle null vector to the future horizon defined as na = αdu, auxiliary null vector ka,
and each satisfying nana = kaka = 0 and naka = −1.
3 Raychaudhuri “Focusing” Equation
In general a congruence of geodesics can undergo various types of deformation, which are
described in terms of the extrinsic curvature of a surface through which the geodesics
pass. These are, respectively: expansion, given by the trace of the extrinsic curvature, the
symmetric trace-free component known as shear, and the torsion, which vanishes in general
relativity but is included in this section for completeness.
θ = K = ∇ana
σab =
1
2
K(ab) −
1
2
habθ
ωab =
1
2
K[ab] (3.1)
The flow of the expansion scalar along a normal to a null hypersurface is known as the null
Raychaudhuri equation:
Ln(θdA) =
(
κθ − θ
2
2
− σ2 + ω2 −Rabnanb
)
dA. (3.2)
The fractional change in area of a surface element on the horizon can be seen using Ray-
chaudhuri’s equation to evolve as
θ =
Ln(dA)
dA
. (3.3)
4 Clasius Relation to Gravity
A brief outline of the derivation appearing in [10] follows. The idea here is to begin with
the thermodynamic Clausius relation, and then through examining the ways in which the
energy, entropy and temperature are defined, to recover the Raychaudhuri equation, and
general relativity. Assuming the proportionality of entropy to area, which has its origin in
the Bekenstein-Hawking entropy dS = dA, will be a crucial step.
Starting from δQ = TdS, let us express the heat flux on the left-hand side in terms of
a boost vector along a timelike curve. This can be written as
δQ =
∫
Tabχ
adΣb (4.1)
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where χa = −κλna and dΣb = nadλdA.
In order to progress with the other side of the Clausius relation, first invoke the
Bekenstein-Hawking proportionality of entropy with surface area.
δA =
∫
θdλdA. (4.2)
We now use the Raychaudhuri equation to get an expression for θ. Since the null horizon is
stationary, the Raychaudhuri equation can be integrated to give θ = −λRabnanb. Inserting
this expression for θ we are left only in need of a way of describing the temperature appearing
in the Clausius relation. Since this discussion is in Rindler space, it is natural to identify
T with the Unruh-Hawking temperature of an accelerated observer in flat spacetime, T =
~κ/2pi.
When these results are equated, after a few lines one arrives at the Einstein equations
in full generality
Rab − R
2
gab + Λgab =
2pi
~
Tab. (4.3)
5 “Flow” equation = Damour-Navier-Stokes
Recall the Raychaudhuri equation in section 3. It can be viewed as expanding out the null-
null projection of the Ricci tensor in terms of geodesic shear and expansion. Alternatively,
one could instead consider expanding the null-tangential projection by using the Gauss-
Codazzi equation [5] [6] [8]. When the resulting terms are reorganized into shear and
expansion components, an equation with the same form as the Navier-Stokes equations
arises. This describes the tangential flow of deformations along a horizon.
Ln(ΩAdA) =
(
∇A(κ+ θ)−∇a
(
σaA +
1
2
haAθ
)
+Rabn
ahbA
)
dA. (5.1)
Here the role of momentum density is played by ΩA = kb∇Anb, which is known as the
Hajicek 1-form. An important conceptual difference between the Damour-Navier-Stokes
equation and ordinary fluid dynamics is that due to the role of the equivalence principle
in general relativity one can always shift away any localized mass density. The Damour-
Navier-Stokes equation is inherently nonlocal, while the Navier-Stokes is not.
6 Fluid Dynamics to Gravity
Rather than the Clausius equation as in section 4 consider beginning with a work of the
form
δE = δW = ΩδJ. (6.1)
In this case we can define the momentum flux on the horizon in terms of an angular
momentum Killing vector so that
δE =
∫
Tabφ
adΣb = Ω
∫
Tabn
ahbAdλdA. (6.2)
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The total angular momentum of a spacetime, when it can be defined, is given by the Komar
angular momentum. This can be pulled back to the horizon and expressed succinctly using
the Hajicek 1-form as
J = ρΩ
∫
ΩφdA, (6.3)
using the shorthand expression Ωφ ≡ ΩAφA. The Hajicek 1-form can be thought of as
the “surface density of linear momentum” pulled back to the horizon. The dimensionful
constant ρ is used to fix factors involving Newton’s constant. From this the work can then
be written as
δW = ΩδJ = ρΩ
∫
Ln(ΩφdA) (6.4)
by using the identity δJ ≡ ∇nJ = LnJ to express the work in terms of the Damour-Navier-
Stokes evolution equation. By appealing to the vanishing of shear and expansion on the
horizon, we may simplify the Damour-Navier-Stokes equation 5.1 so that the work becomes
δW = ρΩ
∫
Ln(ΩφdA) = ρΩ
∫
Rabn
ahbAdA. (6.5)
Alternatively, if Carter-Thorne coordinates of the form v′ = v + f(x) are used [8], then
vanishing shear and expansion is not required. Combining both expressions,
δE = δW
Tabn
ahbA = ρRabn
ahbA
Gab + Λgab = 8piGTab (6.6)
In this section neither the Bekenstein-Hawking entropy or the Unruh temperature were
assumed.
7 Conclusions
Here a new entropic gravity inspired derivation of general relativity from thermodynamics
has been developed. The net effect of considering both derivations together is that one
is effectively beginning with the nonrelativistic laws of thermodynamics, specifying the
conservation of Killing quantities so that global momenta and energy are well-defined,
and then from this evolving the system backwards in Rindler space in order to obtain, or
reexpress, general relativity in terms of thermodynamics. How far this alluring approach
may evolve in the future remains to be seen.
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